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FERRORESONANCE AND SATURATION EFFECTS IN
TRANSFORMERS: A FIELD-CIRCUIT APPROACH
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The paper presents a time-domain analysis of ferroresonance in a single-phase transformer using a coupled field-circuit model
implemented in a finite element method software. The model incorporates the nonlinear magnetic core and an equivalent external
circuit including grading and system shunt capacitances. After breaker pole opening, the transformer exhibits stable period-three
subharmonic ferroresonance, identified through three-cycle repetition of the induced-voltage and flux-linkage waveforms.
Multiple loops in the voltage—flux-linkage phase plane and three clusters in the Poincaré map further confirm this behavior. The
dominant flux-linkage component shifts to a period-three subharmonic frequency while its maximum remains unchanged,
significantly reducing the peak induced voltage. Thus, the response appears to be subharmonic distortion rather than overvoltage
and may not be detected by amplitude-based protection devices. A quantitative existence criterion is derived to define the

ferroresonant capacitance range and quantify the damping required to suppress the period-three ferroresonant mode.

1. INTRODUCTION

Ferroresonance is a nonlinear oscillation phenomenon that
may occur in electrical power systems when a nonlinear
magnetic component (usually the magnetizing inductance of
a transformer) is present in the circuit, together with the
system capacitances, under certain conditions [1-3]. This
phenomenon, unlike linear resonance, can produce sustained
overvoltages or overcurrents that can destroy connected
equipment [4-6].

The magnetizing inductance of a transformer is highly
dependent on its saturation level, and hence small changes in
operating conditions can result in abrupt changes in the steady-
state behavior [7-11]. Depending on the parameters,
ferroresonance can exhibit fundamental, subharmonic,
quasiperiodic, or chaotic behavior [12—15]. Ferroresonant
modes are investigated using spectral analysis, phase-plane
plots, and other techniques [16-18]; mitigation is usually
achieved by modifying circuit parameters to avoid the
ferroresonant region or by increasing the system's damping [19].
An accurate model of ferroresonance is especially important
when hysteresis and nonlinear effects are significant [20-23]. In
his study, ferroresonance is explored in a single-phase, no-load
transformer using coupled field-circuit simulations [24-28].

The novelty of this paper lies not in creating a new lumped
ferroresonance circuit, since these have long been known,
but in combining them with a non-linear field-circuit model
to achieve three results that matter in practice:

o  Replication and classification of a period-three (subharmonic)
mode, instead of the fundamental mode that is normally observed.

O A reason for the accompanying drop in voltage, namely the
presence of a subharmonic component of the flux, which
indicates that a ferroresonant regime does not necessarily
imply an overvoltage.

O A rule for selecting the capacitor and the damper.

2. FERRORESONANCE COMPUTATION

Classical ferroresonance models in a transformer-
capacitor system assume a series RLC circuit with a non-
linear inductance. The non-linear magnetizing branch of a
transformer core can, under certain switching or initial
conditions, generate ferroresonance [3-5].

2.1 CIRCUIT GOVERNING EQUATIONS IN STATE-
SPACE FORM

With v(#) the node voltage across the parallel combination
of Lm, Cparatier and Raamping in Fig. 1, the series-capacitor
current is:
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with Ci the grading capacitance, vs(f) the supply voltage

source of internal resistance Ri. Both R; and the series
resistor Rs are initially considered negligible.
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Fig. 1 — Electrical equivalent circuit.
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The following notations are used in Fig. 1, primarily to
describe the adopted ferroresonant circuit model: ic2 denotes
the current through the shunt capacitance C, i» denotes the
magnetizing current of the nonlinear inductance Lu, icp
represents the current through the parallel-connected
capacitor Cparate, and ir denotes the current through the
damping resistor Raamping.

Kirchhoff’s current law at the node gives:

. . dv(t) — v(t)
"s(t) - lm(t) + CparallelT W' (2)

The magnetizing branch is described through the flux

linkage A, with Faraday’s law in lumped form:
v(t) = %Sf). €)
The nonlinearity enters through i,,, = g(&) [6,7]; the two-
state formulation in v and A is:
Cseries % [Us(t) - U(t)] =
dv(t)  v(t) “)
= g()n) + Cparallel T + m

This system is integrated in time with the switching and
initial conditions used in transient runs [28].
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Figure 2 shows the magnetic equivalent circuit, where @
denotes the flux passing through the transformer core, while
Dparaliel and Daamp denote the corresponding magnetic fluxes

through the parallel Rpaaen and damping  Raamping
reluctances, respectively.
r
D
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Fig. 2 — Magnetic equivalent circuit.

2.2 THE MATHEMATICAL MODEL

In this study, we use the electromagnetic field model for
solid and stranded conductors and the flux linkage as
implemented by [22, 28]:

V x (v(B)V x A) +o(aa—?+vv) -0, (5
A
v [0 (E + VV)] =0. (6)

Here, B is the magnetic flux density, A is the magnetic
vector potential, V' is the electric potential, v is the magnetic
(nonlinear) reluctivity, and o is the electric conductivity.

In nonconducting regions, the second term in (5) vanishes;
in conducting parts, it captures eddy currents. The Coulomb
gauge ensures the uniqueness of the magnetic vector
potential, while a reference value and appropriate interface
conditions are prescribed for the magnetic scalar potential.
The computational domain is sufficiently large to account for
the decay of the leakage field outside the transformer.

This model is used mostly for low-frequency simulations,
so the radiation term is ignored. First-order edge elements for
the magnetic vector potential and second-order nodal
elements for the electric potential are used. The free-cotree
method provides uniqueness of the magnetic vector potential
A. The degrees of freedom of edge elements on the spanning
tree of the finite element mesh are set to zero. This
formulation is used throughout the computational domain,
except for stranded conductors.

2.3 FERROMAGNETIC CONSTITUTIVE LAW

In the core region, the key nonlinearity is introduced
through the measured/tabulated B—H curve, so that local
saturation directly affects the flux distribution, the
magnetizing current, and the induced voltages. The
coil/circuit coupling relates terminal voltage to flux linkage:

A(t) = N,®(t) =N, L B(t) - dS, (7)

where N, denotes the number of turns of the primary winding,
to which v(t) and A(t) are referred throughout this study. The
quantity ®@(t) denotes the magnetic flux crossing the core cross-
section S and linking one turn, whereas A(t) denotes the total
primary-winding flux linkage; the hat notation, as in ® or 2, is
reserved for peak values.
2.4 TRANSFORMER, CORE MATERIAL AND
NETWORK PARAMETERS

A single-phase 1 kVA, three-limb transformer of rated

voltages 230 V /24 V (AC) is investigated here, with primary

N, =300 and secondary N; = 32 turns (ratio a = 9.375). The
three-limb core has a stepped limb. Its dimensions and rated
data are indicated in Table 1. The secondary is modeled under
open-circuit (no-load) conditions via a very large load
resistance, as in experimental ferroresonance test
configurations [3]. For the applied supply voltage, the peak
flux  linkage is imposed by Faraday’s law:
A=2-Ui/o = 1.035 Wb, hence ®= A/N, = 3.45 mWhb. Here,
U represents the rated primary voltage value, and o is the
angular frequency at 50 Hz. With the net limb section
A=5.7-10° m?, the section-averaged peak flux density at
nominal voltage is Bo~0.61 T.

Table 1

Transformer parameters
Value
Single-phase, 3-limb core

Rated voltages | 230V /24V AC

Rated Power | 1kVA

Primary Turns | 300

Secondary Turns | 32

Parameter
Topology

Limb cross-section “outer | 90 mm
diameter” d
Limb center-to-center distance | 160 mm
Yoke center-to-center distance | 250 mm
Rated primary current /in | 4.35 A
Net limb cross-section 4c | ~5.7-107 m?
Peak flux linkage X=2-Ui/o | 1.035 Wb

Our numerical model is adapted from the ANSYS model
library and has a homogeneous core (no laminations) and
block windings symmetrically positioned on the middle
column, as shown in Fig. 3.
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Fig. 3 — 3D Mesh Plot of the three-limb transformer.

The supply terminals of the windings are shown in Fig. 4.
In the field-circuit coupling, each winding is driven through
a terminal, a cross-section sheet of the winding volume on
which the external circuit imposes the winding current. The
four sheets in Fig. 4 map one-to-one onto the primary and
secondary pins of the transformer block.

For numerical computational reasons, the domain is limited
by an open boundary condition introduced in subsection 2.2.
This numerical model, correlated with the magnetic circuit of
Fig. 2, is only notional; the main goal of our study is to
illustrate ferroresonance and saturation effects. The core
material is M400-50A non-oriented electrical steel,
represented by the tabulated B—H curve of Fig. 5. The effect
of the material non-linearity is modeled by a single-valued
characteristic, i.e., saturation without hysteresis [8], as is
usually done for ferroresonance modeling [6].
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(a) (b)
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Fig. 4 — Winding supply terminals of the field-circuit model: (a) primary
in; (b) primary out; (c) secondary in; (d) secondary out. The red sheet is
the terminal cross-section of the winding.
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Fig. 5 — Magnetic characteristic of M400-50A material.

The model was meshed using 17,707 tetrahedra, 4,029 of
which were in the core. With an RMS core edge length of
51.4 mm compared to a 90 mm limb width, the limb cross-
section contains less than two elements per side. This is
sufficient to resolve the integral quantities that couple the
field to the circuit (A(t) is calculated as the surface integral
of B, and then v(t) follows from it), but not the local flux
density distribution because each first-order tetrahedral
element stores only one value of B.
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Fig. 6 — External circuit.

The external network, illustrated in Fig. 6, represents the
breaker-grading and system shunt capacitances [9],
including a grading (equalizing) capacitor C1 in series with a
grading resistor R3; connected, a standard element in single-
phase ferroresonance equivalents [4—10]. On the source side
of S, a shunt (phase-to-ground) capacitance Ci=13 pF is
included. A source series resistance R1=0.020 Q represents
source damping, while the open-circuit secondary condition
is enforced by a very large resistance Rz =10'2 Q.

The parameter values in Table 2 complete the set needed
to simulate the nonlinear magnetic element and the
capacitive network required to excite ferroresonance

[11,19,24,25]. R, is the only external element. This value
represents the supply internal resistance: the transformer
winding resistances are accounted for by the finite-element
model of the coil, arising from the physical properties of the
conductor material and geometry, and should not be
considered part of the external circuit.

Table 2
Circuit model parameters
Parameter | Value
Grading capacitance (across phase- | 1.2 pF
A contact) Ci
Grading series resistor Rz | 1.5Q
Shunt capacitance (phase-to- | 13 uF
ground) C2
Load resistance (open-circuit | 1-10'2 Q
emulation) R
Source series resistance Ri | 0.020 Q
Supply effective voltage Ei | 230 V, 50 Hz
Opening instant of S | 0.165 s

The switching sequence is as follows. From ¢ = 0, S is
closed, the grading branch is short-circuited, and the
transformer is energized directly through Ri; this interval
contains the energization (inrush) transient. At =0.165s, S
opens, inserting C1—R3 in series between the source and the
primary and leaving the unloaded saturable magnetizing
branch in series with a capacitance; this is the standard
representation of a breaker pole that has interrupted the
current while its grading capacitor remains connected.

Note that C lies on the source side of S, across the source
and its 0.020 Q resistance: since Ri/Xcz = 8:107, C: is
effectively short-circuited and does not participate.

2.5 SELECTION OF THE EXTERNAL-CIRCUIT
PARAMETERS AND EXISTENCE CONDITION

After S opens, the source is in series with the grading
circuit and the non-linear magnetizing branch. If we ignore
resistances, we have U; = j(X;, — X;)I and U, = jX, I, and
therefore the working points are found at the intersections
between the magnetization curve U, (I) and the capacitor
load lines U; = +U; + X.I. Three intersection loops, thus
also the jumping and the possibility of a permanent regime,
are possible only when the slope of the load line (given the
magnetic properties of the core) falls between those of the
saturated and non-saturated parts of the curve [5,7,13],

Wl < < wlLy,i.e,

(*)Cseries
1 1
m < Cseries < w2Lsat (8)

For Ly, = Np2poiAc/legr, loge = 0.535m being the
effective length of the two parallel flux loops of this core,
and p, ~ 7 - 10% at B»=0.61 T, we get L»~8 H, X1 ~2.6 kQ
beyond the knee, the differential permeability goes down to
a few hundred, yielding Xsar=102Q.

Inequality (8) shows that the ferroresonant window lies
between | uF and a few tens of uF. The 1.2 uF in Table 2 is close
to the lower bound, at C.,. = 1/(w?L,,), or the minimum
capacitance for which the load line intersects the characteristic
three times. This value was obtained from bound (8) and adjusted
in trial simulations until a sustained oscillation occurred upon
opening S. Below C.,., the region of multiple solutions vanishes,
and the transformer settles back in its normal no-load operating
condition; above the upper bound, the loop remains inductive at
any excitation level. The grading resistance determines Q =
X./(R; + R; + R,) ~ 10, making the loop essentially
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undamped. Forcing Q < 10 would require more than 2-10* Q in
series, which is incompatible with the purpose of a grading
resistor. Thus, series damping does not work in this case, and
damping must be applied across the magnetizing branch. A load
resistance R;, on the 24 V secondary appears on the primary side
as a’R,, with a*> = (300/32)* = 87.9. Demanding a’R,, S
X, leads to R, < 30 Q, which amounts to approximately 20 W
or 2 % of the rated power.

3. SIMULATION RESULTS

The proposed ferroresonance model was simulated using
[28] for 1.0 s. The following subsection analyzes and interprets
the results in terms of the ferroresonance phenomenon.

3.1 TIME-DOMAIN ANALYSIS AND JUMP
RESONANCE
Figure 7 depicts the time-dependent variation of the induced
primary voltage (Fig. 7a), primary current (Fig. 7b), and flux
linkage (Fig. 7c). At ¢t =0, the switch S closes and opens at the
instant #w = 0.165 s (after the inrush current vanishes).
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Fig. 7 — (a) Induced primary voltage, (b) primary current and (c) flux
linkage, versus time.

The induced voltage (Fig. 7a) and the flux linkage (Fig.
7¢) change together, being coupled through the relation: v =
di/dz. Before fw, the voltage is sinusoidal, with a peak value
of 325 V (N2Uy), while 2=1.035 Wb.

Immediately afterward, both become non-sinusoidal; the
voltage peak drops to approximately 216 V, while A remains
at 1.04 Wb. Fig. 7b shows the current changing at about 0.16
s, corresponding to the same instant. The current depends on
Aviai = g(A). It is almost flat below the knee, so while the
change in A(t) shape at the peak alters the waveform, the
peaks change little.

During the first interval, the current envelope is controlled
by the decay of the transient energization: the initial value in
Fig. 7c is -1.91 Wb, with an offset that decays with a time
constant of around 35 ms. The steady state is not a
fundamental-frequency oscillation. The voltage peaks repeat

every 20 ms in Fig. 7a, but their magnitudes repeat only
every three power cycles: 200, 122, and 78 V from t =
0.384 s to 0.425 s; these values are repeated 60.3 ms later
as 197, 132, and 88 V. The extrema in Fig. 7c repeat every
two alternating intervals of 43.4 and 17.0 ms, for a total of
60.4 ms, with two maxima per period.

The result is a subharmonic response of order three, with
fundamental frequency f;/3 = 16.67 Hz, and a dominant
flux-linkage component at 2f;/3 = 33.3 Hz. This also
accounts for the lower voltage. As ¥ = w42, and since A did
not change and w, is now 2w/3, the anticipated peak value
would be (2/3) - 325 =217V, compared to 216 V. The
flux linkage curve (Fig. 7c) is like the voltage curve. Its peak
value is 1.035 Wb before and 1.04 Wb after the switching,
equal to V2U,/w; the transition modifies the frequency
components of A(t), not its amplitude.

3.2 PHASE-PLANE ANALYSIS AND POINCARE MAP
To describe the period of oscillation, the path is drawn in
the phase plane (flux linkage vs. induced voltage).
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Fig. 8 — Phase—plane representation.
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Fig. 9 — Poincaré map, sampled at 50 Hz.

As seen in Fig. 8, the path contracts from the large excursions
of the energization transient and converges to a bounded
attractor which is not a single closed curve but rather a set of
interlaced loops. The fact that these loops are interlaced already
suggests that the period is a multiple of the supply period. To
find out that multiple, the state (A, v) is sampled stroboscopically
at T = 20 ms as in Fig. 9 (the Poincaré map).

Together with the phase plane, the Poincaré map shows:
o  Transient phase: the trailing string of points at v = 0, with A

from 0.29 to 1.03 Wb, traces the migration towards the attractor.
o  Steady state: the samples do not converge to a single point but

accumulate in three well-separated clusters, near (=75 V,

+0.45 Wb), (+45 V, +0.92 Wb) and (+30 V, —0.25 Wb).

Three clusters in a map sampled at the supply period mean
that the state repeats only after three supply periods: the regime
is a subharmonic ferroresonance of order three, T = 3T =
60 ms, of fundamental f; /3 = 16.67 Hz. This agrees with the
60.3 and 60.4 ms periods of subsection 3.1, so three independent
indicators from the same solution give the same classification.
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3.3 CORE SATURATION AND FIELD DISTRIBUTION

We compute the transient regime using the
magnetoquasistatic 4-V formulation of Section 2.2 and the
tabulated B-H curve [7, 22] with edge elements, implicit
backward-Euler time integration, and a Newton iteration on
the tangent permeability [26]. This iteration tolerance,
combined with the mesh density, determines the accuracy of
the local field values presented below.
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Fig. 10 — Core loss during ferroresonance.

Figure 10 displays the instantaneous core loss over the
same interval; the pulses increase from peak values of about
55 W to approximately 80 W, indicating additional thermal
stress and accelerated insulation aging associated with
extended operation [12, 16]. This record is not synchronized
with Fig. 7a and 7c, and the lamination is not resolved, so the
values are indicative and cannot be compared directly with
the measured no-load loss.
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Fig. 11 — (a) Flux density vectors and (b) current density vectors in the
primary winding, during ferroresonance.

Figure 11a shows a vector plot of the flux lines. The vectors
are all contained within the iron path, and the calculated peak
values reach about 1.89 T, compared to the section-averaged
nominal value of 0.61 T, i.e., in the saturated region of the
M400-50A magnetization curve (Fig. 5).

Fig. 11b presents the instantaneous current density vectors
J in the primary winding during a ferroresonant peak.

As the core enters the strongly magnetized state, the
differential inductance of the magnetizing branch falls,
creating a temporarily low-impedance path for the source
and the concentrated current density of Fig. 11b, whose
computed maximum is of the order of 4-10° A/m>.

These concentrations correspond to the sharp current
peaks, indicating electrodynamic and thermal stress on the
winding during the ferroresonant regime.

4. DISCUSSION

These observations lead us to draw four additional
conclusions (which do not merely reiterate that resonance
arises from a capacitive-inductive interaction).

o This regime is a third-order subharmonic, as evidenced by
three distinct criteria, but in this case the terminal voltage
decreases rather than increases; therefore, it cannot be detected
by amplitude-based protection and requires a frequency-based
criterion (e.g., the presence of a component at f;/3) or a

stroboscopic one.

o  The criterion imposed by (8) confines the phenomenon to a
capacitance window bounded below by 1/(w?L,,) and above by
1/(*Lgas) here about 1 pF to a few tens of microfarads, giving
the design rule that the equivalent series capacitance seen by
an unloaded transformer must stay below C. = 1/(®?L,,), with
L., available from the routine no-load test.

o Only the capacitance between the open contact and the terminal of
the transformer counts, since the upstream capacitance in shunt is
short-circuited by the source; the summation of all capacitances
present on the busbars would be highly nonconservative and
would here give an error of the order of 11.

o  Mitigation must be applied to the magnetizing branch: about
30 ©Q and 20 W on the secondary are sufficient, while damping
in series is useless.

The field solution provides insight into the device's inner
workings: the flux is entirely confined within the iron, the core
operates in the nonlinear region of the hysteresis curve, and
the winding current density is concentrated during the
saturation pulses. These features give rise to forces
proportional to ] X B and to an instantaneous increase in core
loss [13, 15, 17, 18]. On the other hand, the terminal behavior
can be described quantitatively: the maximum value of the
flux linkage remains 1.035 Wb (value determined by the
source) before and after the occurrence of the ferroresonant
phenomenon; furthermore, the energy of the system is
concentrated at f;/3 and 2f; /3.

In field applications, the phenomenon is facilitated by the
presence of an unloaded or lightly loaded transformer, a
poorly damped circuit, and an equivalent capacitance
between the disconnecting switch and the transformer
terminals, all within the interval defined by (8). Solutions to
this problem are keeping the equivalent series capacitance
below C,.,, loading the secondary with a resistance R, <
30 Q, and using controlled switching when an unloaded
transformer needs to be energized in the presence of a
grading capacitance.

4.1 LIMITATIONS
The limitations of the model and methodology adopted for
this study are as follows:

o The use of a single-valued B-H curve does not account for
remanence, coercivity, or minor loops; thus, switching effects
are not included in the simulation.

o  The effect of lamination in the magnetic core is neglected.

o  The model is larger than typical commercial transformers, and
although its qualitative behavior is similar, it is not fully
representative.

o  No experiments were conducted to validate the model.

A summary of the numerical results is listed in Table 3.

Table 3

Summary of the main numerical results.

Observed value / behaviour
Initiated at 0.165 s;

Engineering meaning
Opening of S inserts the

Quantity

Ferroresonant

transition | established within~0.1s grading capacitance
Maximum flux | =1.89 T
density

Subharmonic
ferroresonance of order
three, 7= 375 = 60 ms

Poincaré map | Three distinct clusters

Peak flux | 1.035 Wb before / 1.04 Wb Unchanged; fixed by
linkage | after \2-Uile
Induced- | 325V =216V Ratio 2/3: signature of

voltage peak the 2/s/3 component

The findings of this research paper indicate that further
work, involving additional simulation studies and possible
physical testing, should be carried out to extend this analysis.
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5. CONCLUSION

We have shown here the combined field-circuit simulation
of ferroresonance in a single-phase transformer, using an
M400-50A core and an external network that includes the
grading and shunt capacitances that are present in actual
installations. For the data in Tables 1 and 2, the model
replicates a stable ferroresonant condition that starts when
the switch is opened at t = 0.165 s and stabilizes after a
transient of about 0.1 s. It is a subharmonic ferroresonance
of order three with period T = 3T; = 60 ms, as evidenced
by the three-fold repetition of the induced-voltage and flux-
linkage waveforms, by the three loops of the phase plane
plot, and by the three clusters of the Poincaré¢ section.

The maximum flux-linkage value remains constant before
and after the onset, 1.035 Wb compared to 1.04 Wb, but the
main frequency of the flux linkage changes to 2f;/3, so the
maximum induced voltage drops from 325 V to 216 V, a
reduction by 2/3, as expected for a third-order subharmonic.
The phenomenon is therefore a waveform-distortion mode
rather than an overvoltage one and would not be detected by
an amplitude threshold.

The analysis provides insight into the design parameters:
the grading capacitance is situated at the critical boundary
defined by the inequality 1/(w?L,,)<Cipries<1/(®w?Lgy);
only the capacitance on the load side of the switch is active;
and a resistive load of around 30 Q dampens the resonance,
but a series resistance does not.

The present work identifies several areas for further
improvement. A mesh-convergence and solver-refinement
study, together with the synchronous export of all transient
quantities, are therefore identified as the immediate next steps.
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