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JOINT FRACTIONAL-ORDER MODELING AND KALMAN
FILTERING FOR BATTERY STATE-OF-CHARGE ESTIMATION
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Accurate state-of-charge (SOC) estimation is critical for reliable battery management. To address the limitations of conventional
models, this paper presents a robust adaptive estimation framework that combines fractional-order modeling with extended
Kalman filtering (EKF). The approach uses a computationally efficient fractional-order equivalent circuit model (FO-ECM) to
represent nonlinear battery behavior. Its key innovation is augmenting the EKF’s state vector to jointly estimate SOC and slowly
varying internal resistances, enabling real-time model adaptation to aging and temperature changes without separate health
monitoring. Validated under dynamic loads and varying temperatures, the framework achieves SOC estimation with root mean
square error (RMSE) consistently below 3.5% and robust convergence despite noise and initial uncertainty.

1. INTRODUCTION

Lithium-ion batteries (LIBs) power applications from
portable electronics to electric vehicles, with performance
critically dependent on accurate state-of-charge (SOC)
estimation by the battery management system (BMS) [1,2].

However, sustained SOC accuracy remains challenging
due to LIBs complex nonlinear behavior—diffusion,
memory effects, and parameter variations from aging and
temperature [3,4].

Fixed offline models inevitably degrade over time. While
physics-based electrochemical models offer high fidelity,
their ~ computational demands preclude real-time
implementation. Conversely, conventional integer-order
equivalent circuit models (ECMs) are efficient but
oversimplify battery dynamics [5]; improving accuracy
requires added complexity. Fractional-order models (FOMs)
provide an elegant compromise, using non-integer calculus
to describe distributed relaxation and diffusion with
parsimonious structure [6,7]. A prevalent implementation
uses Constant Phase Elements (CPEs), whose impedance is:

1
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where Q is pseudo-capacitance and a is the fractional order.
The superiority of CPE-based FOMs is well-documented: [8]
showed fractional-order models outperforming integer-order
ECMs under dynamic profiles, while [9,10] confirmed that
Fractional-Order Equivalent Circuit Models (FO-ECMs)
capture distributed time constants more efficiently. Meta-
heuristic techniques achieve 98% fit to electrochemical
impedance spectroscopy data [11]. Fractional-order methods
have also proven effective in control applications, including
EV charging systems [ 12] and predictive control of nonlinear
fractional models [13—15].

Despite advances in modeling, a gap remains: most studies
treat FO-ECM parameters as static, yet sustained accuracy
requires adaptation to parameter drift. While extended
Kalman filtering (EKF) is foundational for SOC estimation
[16], its fractional-order application lacks a unified joint
state-parameter strategy. This paper addresses this gap with
a framework that combines FO-ECM and a joint state-
parameter EKF.

The paper’s main contributions are: (i) joint EKF with
augmented state (SOC and slowly varying parameters); (ii)
systematic FO-ECM identification from discharge/rest data;

(iii) experimental validation with sustained SOC accuracy
(RMSE < 3.5%).

The paper is organized as follows: Section 2 presents
fractional calculus. Sections 3-4 detail the FO-ECM and
parameter identification. Section 5 describes the joint EKF
framework. Section 6 presents experimental validation.
Section 7 concludes.

2. THEORETICAL BACKGROUND: FRACTIONAL
CALCULUS

Fractional calculus generalizes differentiation and
integration to non-integer orders, providing a framework for
modeling systems with hereditary and memory effects [17].

The fractional derivative of a function f{¢) of order a is
denoted as:

A
b=

Several definitions exist, with the most common being the
Riemann-Liouville, Caputo, and Griinwald-Letnikov (GL)
definitions. This work employs the GL definition due to its
inherent suitability for direct digital implementation and
straightforward discrete-time representation, which is
essential for real-time BMS algorithms.

€ R*. (2

2.1 GRUNWALD-LETNIKOV DEFINITION

For a real order a, the GL fractional derivative is defined
as:

K
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where h is the step size and the binomial coefficient (4) for a

real order a is calculated using the Gamma function I'(x)
defined in (5).
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For practical digital implementation, the derivative at the
k-th time step is approximated by truncating the infinite

series to a finite memory length L:
L

D% ~ h—ltxZ(—l)j ((JX) Xp—j = %i w; (@) X_j. (6)
Jj=0

j=0
where w; () are the GL coefficients. This recursive kernel
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embeds the system’s memory, as the current state depends
on a weighted sum of L past states. The selection of L
represents a critical trade-off between model accuracy and
computational burden.

2.2 FRACTIONAL-ORDER STATE-SPACE MODEL

To integrate fractional-order dynamics with state
estimation algorithms, a discrete-time fractional-order state-
space model is derived. The general linear discrete state-
space model is written as:

{D(X Xk+1 = AXk + B llk_
Vi = Cxy,

where the state vector is Xy, u, the input, and y, the
output. & = [ay, ..., ay]T are the fractional-order derivatives.

By applying the GL definition from (6) to the state
equation in (7), we obtain:

()

HZQj(O()XkJrl_j:AXk-l-Buk. (8)

=0
Q;(a) is the
matrix (diag () ... (“V)]), and H=diag[1// ...1/ V]

Noting that Q4 (a) =I (identity matrix), and isolating the
current state X, yields the recursive form:

where diagonal Newton binomial

L

Xeor = HAX, = ) 0(@Xay +HBU,  (9)

j=1

Define Ay = HA, and By = H B. Incorporating process
noise w, and measurement noise v, (zero-mean Gaussian
with covariances Q, and Ry,), the stochastic fractional-order
state-space model is:

L

X1 = ApXy — Z Q; (o) Xpqp1-j + Bruy + wy,
j=1
Yk =C ). 4% + Vi.

The summation term — X% ;Q;(a) Xpyq—; is the
hallmark of the fractional model, encapsulating the system's
infinite memory by coupling the current state to a long
history of its past values. This property is essential for
accurately modeling the dynamical behavior of lithium-ion
battery reactions.

(10)

3. PROPOSED FRACTIONAL-ORDER BATTERY
MODELING

In the current study, the lithium-ion cell is described using
a fractional-order equivalent circuit model (FO-ECM) that
captures both instantaneous and long-memory dynamics.
The model, illustrated in Fig. 1, comprises:

* Open-circuit voltage source (OCV(SOC)): modeling the
thermodynamic equilibrium potential as a function of SOC.

* Ohmic resistor (Ry): A series resistor modeling the

immediate voltage drop due to electronic and ionic

conduction paths.

* Leakage resistor (R, ): A parallel resistor modeling the

battery power leakage process.

» Parallel Branch (R1-CPE): A parallel combination of a
resistor and constant phase element modeling distributed
polarization dynamics.

Fig. 1 — The proposed fractional-order circuit model (FO-ECM) for a
lithium-ion battery.

The proposed fractional-order equivalent circuit model is
governed by the following continuous-time equations:
* SOC dynamics:
d SoC
dt

0CV(S0C)

Rleak

1
= - U@+ ) an
n
where C,, is the nominal capacity (in Ah), /(¢) applied current
(positive for discharge).
* Fractional-state dynamics:

DYV, (t) = —

o) + Qil(t), (12)

R, Q1

where, V;(t) is the voltage across Ri-CPE branch, R, the
polarization resistance, and Q; the pseudo-capacitance.
* Output voltage equation:
V(t) = OCV(SOC) — RyI(t) — V,(t). (13)

Applying the GL definition (6) to the fractional-state
dynamics in (12) yields the discrete-time equivalent for V;:

1
w; (@) V; [k] Vi [k]+—=1[k]. (14
Z = Ql g a4
After rearrangement:
3 1
=Y el =+ Ik, (15)
— 1
where:
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and wj(a) is approximated by:
o a(a—1)...(a—j+1)
w;j(a) = (1)) ( ) = (-1)/ m . (17
] J:
A state vector is defined as:
x,[k] =[V,(k),Vi(k—1),..,Vi(k—L+D]T. (18)
This leads to a standard state-space representation:
{x,, [k + 1] = Ax,[k] + B, I[k], (19)
z,[k] = C,x,[k],

where the system matrices are explicitly defined as:
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-O(1) -0(Q2) -O(L-1) -O(L) BIC(m) = N In(c%,) + mIn(N), (25)
A= (1) (1) % g where N is the data points, and 02,is the residual variance.
. : The candidate optimal orders are:
0 0 0 % 0 (20) { M2 =arg miny, AIC(m), 26)
B,= %1 0. _’0] MZ¢ = argmin,, BIC(m).
C, = [1,0, ...,0] To ensure significant improvement, the selected M,

where the output variable z, is the fractional element voltage
(ie, V).

4. MODEL PARAMETER IDENTIFICATION

A sequential identification procedure exploits the
discharge/rest protocol to decouple static, linear, and
fractional dynamics, identifying parameters in order of
decreasing time constants: instantaneous effects, slow
leakage, and fractional polarization dynamics. The static
parameters are identified as follows:

* The OCV(SOC) is obtained by fitting a piecewise linear
function to voltage-SOC data from low-current rest periods
during discharge.

* The ohmic resistance: Rois estimated as the median of
|AVIAIl across significant current steps, using averaged
values to reduce noise.

* The leakage resistance: R4 is identified by analyzing
slow self-discharge during extended rest periods where
external current is approximately zero. Under this condition,
equation (11) simplifies to:

dsoc _ ocv
dt Bl Cn Rleak.

21

Linear regression applied to data from multiple rest
periods yields a reliable R, value.

The identification of fractional-order parameters
(R1,Q,,0) is intrinsically linked to selecting the memory
length L in the discrete-time Griinwald-Letnikov
implementation. This selection fundamentally balances
model accuracy against computational complexity.

To isolate the polarization voltage, z,, the self-discharge
effect is compensated by correcting the state of charge value
SOCcor using the identified R;,,;,. The detrended relaxation
signal is then:

Zy [k] =0C V(SOCCorr[k] )— Vineas [k] )

where Vimeass is the measured terminal voltage. z,[k] is then
modeled as an autoregressive AR process of order L:

(22)

2lK = ) @0z, [k =]+ ¢lk], 23)

J

where @ are the AR coefficients, and € is the white noise
residual.

The optimal memory length is determined as follows: for
candidate lengths L = I... Mumax, AR(m) models are fitted. The
optimal order Moy is selected by minimizing both the Akaike
information criterion (AIC) (24), and the Bayesian
Information Criterion (BIC) (25) [18,19]:

AIC(m) = NIn(c%) +2m, (24)

must satisfy:

RMSE(MALE

<
RMSE(MZC — 1) =V

opt

27

where 1 = 0.95 requires at least 5% improvement.

Once M, is determined, the core identification step maps
the statistically estimated AR coefficients @ to the
theoretical dynamics of the FO-ECM. From the analytical
solution (14), the theoretical AR coefficients for polarization
voltage are:

S10;(a)

i+ (28)

() = -

The parameters (R;,Q;,) are identified by solving:

Mopt

2
min f (R, Qy, @) = Z (fbe + j—lmj(a)> : (29)
j=1 !
This minimization is performed via constrained search: a
coarse grid search over a € (0, 1) followed by local
refinement (e.g., gradient-based method) to obtain precise
optimal parameters.

5. JOINT STATE-PARAMETER EKF FRAMEWORK

The EKF is employed for simultaneous, real-time
estimation of SOC and slowly varying battery parameters
[20]. By linearizing nonlinear dynamics around the current
state estimate at each step [21], the EKF provides a
computationally efficient solution for BMS. Similar joint
estimation approaches have been explored in aerospace
applications [22] and fractional-order control systems [23].

Consider the discrete-time nonlinear system:

{Xk i fXpm1, Wymg) + Wiy, (30)
Vi = h(Xp, uyy + vy,

where x, is state, u, input, y, output, and f, # nonlinear
functions. wypand v, are zero-mean Gaussian with
covariances Q; and R;.

The EKF algorithm proceeds recursively in a predict-
update cycle as follows:

Prediction step:

{’A(k|k—1 = f(Ri-1jk-1, Upy, 31)
Pri—1 = FePe_q o1 Fi + Qe
Update step:
{yk =¥k — h(ﬁk|k—1, uk), (32)
Sk = HkPk|k—1H£ + Ry
Compute the optimal Kalman gain:
Ky = Pk|k—1HI€Sk_1~ (33)
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Update the a posteriori state and covariance estimates:

{Xk|k = Xy k-1 Ki Vo

34
Pk|k =I- Kka)Pk|k—1- 9

Fy and Hy are the Jacobians of the nonlinear functions f
and h, respectively, linearized around the current state
estimate:

o] oh

Fk:&

:Hk

RKp|k-1Uk

=== 3%
0x Ri|k-1Uk

An augmented state vector is constructed, enabling joint
estimation of the battery SOC, and some model parameters:

X = [SOC'XE'RO'Rleak]T~ (36)

where X, is the state vector for the fractional branch defined
in eq. (18).
The state transition equations are:

h OCV(SOC[k])
SOClk + 1] = SOClk] — =—Ilk] - —————
[ : [k} Cn [k} Ricar[k]
+w,

%, [k + 1] = A,x, k] + By I[k] +wy, 37
Rolk +1] = Ro[k] + w3,
Ricarlk + 1] = BBqi[k] + w,.

The measurement equation is:

ylk] = 0CV(SOC[k]) = Ro[k] I[k] — C,x,[k],  (38)

where A,, , B, and C, are matrices defined in (20).
Finally, the Jacobians F, and Hj are computed by
differentiating eq. (37), and (38) with respect to the state vector:

1 h aocv h oCcvV
( Caneak) asoc ™t Co RZ i
E = 01x1 Ay, O 00 | 39
0 0, 1 0
0 0,, O 1
H, =29 ¢ I[k] O (40)
*“lasoc '
6. EXPERIMENTAL VALIDATION AND
DISCUSSION
The proposed framework was evaluated through

controlled laboratory testing and standardized benchmark
data to assess model fidelity, parameter identification
accuracy, and SOC estimation performance under diverse
conditions. Temperature effects on battery performance were
considered, as highlighted in recent studies [4].

A test bench was developed with commercial 18650
lithium-ion battery packs (2.5 Ah, 14.8V), a programmable
electronic load, and data acquisition. Voltage and current
were recorded at 1 Hz. The procedure began with a fully
charged battery, followed by an open-circuit rest to reach
electrochemical equilibrium. Sequential characterization
cycles with constant-current discharge pulses and rest
periods (Fig. 2) yielded voltage-relaxation characteristics for
parameter estimation across SOC levels.
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Fig. 2 — Cyclic discharge/rest test: voltage (top) and current (bottom).

The OCV-SOC relationship (Fig. 3) shows a linear
behavior over a wide range with a slope change in the
vicinity of 20% SOC.
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Fig. 3 — Battery open-circuit voltage characterization.

6.1. MEMORY LENGTH ANALYSIS

As previously discussed, the optimal memory length
M,y for the fractional derivative was determined based on
both the AIC (24) and BIC (25) criteria across candidate
memory lengths L =1...20.

As illustrated in Figure 4, both criteria demonstrate clear
minimization patterns, with MZ,¢ = Sand Mgi¢ = 4.

The improvement from M = 4 to M = 5 was statistically
insignificant:

RMSEQM =5) _ 0.968 = 0.95 41
RMSE(M =4) =777 “1)
Consequently, for this case, the selection M,,.= 4 is

justified, balancing model fidelity against computational
complexity. The identified FO-ECM parameters were used to
simulate the battery’s voltage response under the experimental
discharge profiles. As depicted in Fig. 5, the model achieves
acceptable average voltage tracking accuracy, with minor
discrepancies observed at low SOC levels.

The observed discrepancies at low battery voltage are
anticipated to be mitigated during online state estimation, as
the EKF’s recursive parameter adjustment capability
continuously adapts the model to actual operating
conditions. This adaptive compensation mechanism is
demonstrated in the following subsection.



5 Lakhdari Fethi

419

8 10 12
Memory Length (M)

0
6600

-6700

-6800

-6700 [ T T I
-6750
& 6800 |
<
6850 |-
-6900 h . +
0 2 4 6
T T
I\\ i
>—
0 2 4 6

—*—BIC
: . L® Optimal M=4
'

|
8 10 12 14 16 18 20
Memory Length (M)

Fig. 4 — Optimal memory length selection using AIC and BIC criterions
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Fig. 5 — Model validation: measured versus simulated battery pack
terminal voltage.

6.2. ONLINE BATTERY STATE ESTIMATION VIA
EXTENDED KALMAN FILTER

The EKF initialized with offline-identified parameters,
estimates battery state in real time.

Figure 6 shows results for successive discharge/rest
cycles, demonstrating improved performance over static
models.
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ig. 6 — EKF estimation during discharge/rest cycles (voltage, SOC,
and model resistances).

The EKF achieves SOC estimation with average RMSE of
3.5% (vs. Coulomb counting). Parameter tracking shows R,
converging rapidly to a stable low value, while
Rjeqr maintains its characteristic high value. This enables
effective  State-of-Health tracking without separate
estimation routines [23].

6.3. BENCHMARK VALIDATION WITH DST AND
FUDS PROFILES

Validation using CALCE benchmark data [24] on 2 Ah
INR18650 cells considered two dynamic profiles: DST
(dynamic stress test) and FUDS (federal urban driving
schedule). Each test includes charging, relaxation, and
discharge phases. To further assess the estimator's practical
resilience, zero-mean Gaussian noise with a standard

deviation of 1% was added to the measured current and
voltage signals to simulate sensor imperfections and test the
filter's inherent noise rejection.
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Fig. 7 — Cell voltage and SOC estimation during a DST test
(temperature: 25°C).

S 4
o
&
° - - =Fsti &
> Estimated| . L L .
0 50 100 150 200 250 300 350 400 450 500
100 T T T T T T T T T
Q
<
o 50 -
) Coulomb Counting
w - - -~EKF Estimated .
0 50 100 150 200 250 300 350 400 450 500
~ 2 T T T T T T T T
3
£ 0 L_J
g2 2r
H
O 4L . 1 . . . . . . .
0 50 100 150 200 250 300 350 400 450 500
Time (Min)

Fig. 8 — Cell voltage and SOC estimation during a FUDS test
(temperature: 45°C).

The state estimation results for these demanding scenarios
are shown in Figure 7 (DST profile at ambient temperature:
25°C) and Figure 8 (FUDS profile, at a temperature of 45°C).

Despite the compounded challenges posed by aggressive
load dynamics, sensor noise, and temperature variations, the
estimator maintained robust performance. It successfully
tracked the terminal voltage and delivered an accurate, real-
time estimate of the State of Charge.

The SOC estimation is achieved with an average RMSE
of about 3.5% across all test conditions. These results
confirm the efficiency and robustness of the proposed
algorithm against environmental fluctuations and noisy
measurement conditions.

7. CONCLUSIONS

This paper presents a unified framework for adaptive,
high-fidelity state estimation in lithium-ion batteries,
integrating a fractional-order equivalent circuit model
with a joint state-parameter Extended Kalman Filter.

This system simultaneously estimates SOC and tracks
degradation-sensitive  parameters, addressing the
limitations of conventional BMS algorithms—integer-
order oversimplification and performance drift from fixed
parameters.

The Griinwald-Letnikov-based FO-ECM captures
distributed battery dynamics with parsimonious structure,
while the joint EKF enables real-time self-correction and
operational compensation.

The paper principal Contributions are:
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- A robust sequential methodology identifies all model
parameters from standard discharge/rest data, including
criteria-based selection of optimal memory length
balancing fidelity and computational load.

- The FO-ECM is embedded within an EKF with
augmented state vector (SOC, Ry, Rjoqr), enabling
inherent online adaptation and direct State-of-Health
tracking without separate routines.

- Performance was validated on a 2.5 Ah battery pack
and standardized DST/FUDS profiles at 25°C and 45°C
with added 1% sensor noise—confirmed consistent
robustness, with average SOC estimation RMSE
consistently below 3.5% across all test scenarios.

Future work includes temperature as an additional
estimated state, adaptive noise covariance tuning,
embedded hardware implementation, and long-term aging
studies for continuous State-of-Health tracking.

Received on 22 March 2026
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