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PASSIVITY-BASED SLIDING MODE CONTROLLER/OBSERVER FOR
A LIGHTWEIGHT ROBOTIC ARM
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This paper presents a passivity-based sliding-mode controller-observer for a two-link lightweight robotic arm that accounts for
structural flexibility and payload mass. The system’s dynamical model is obtained using the Euler-Lagrange formalism and the
assumed modes method. The resulting mathematical model is highly nonlinear, with strong coupling between the rigid dynamics
and the system's elastic behavior. To achieve accurate trajectory tracking with effective strain elimination, a full-order sliding-
mode state observer is designed to estimate the state variables in the presence of parameter uncertainties and external
perturbations. Then, the robust observer is combined with a passivity-based controller that uses the estimated states to achieve
the desired trajectory, thereby improving system performance and robustness. The stability of the global system is demonstrated
using Lyapunov theory and accounting for the passivity property, whereby the total energy is dissipated or stored within the
system. The proposed controller/observer is evaluated using MATLAB/Simulink. Simulation results show good trajectory

tracking with effective rejection of the external perturbations.

1. INTRODUCTION

Lightweight robotics arms have received a lot of attention
during the last two decades due to their advantages compared
to conventional robotic arms. Lightweight manipulators
provide an adaptable solution that allows automation,
accuracy, and increased productivity in numerous applications,
including aerospace, healthcare, and the manufacturing
industry. They can perform multiple tasks and even complex
movements with high precision and low energy consumption.
However, we also need to address the inherent challenges that
come with the use of lightweight materials. The tip vibrations
caused by distributed structural flexibility and robotic linkage
result in a very complex dynamic model with distributed
parameters. In addition, the inherent non-minimum phase
behavior and the parametric variation (payload mass, structural
damping coefficients, etc.) prevent the system from reaching
the control objectives and complicate the control task. [1] In
order to achieve an accurate trajectory tracking with an
effective rejection of the external perturbations, several control
strategies have been investigated for a multi-link lightweight
manipulator in the literature. To achieve accurate trajectory
tracking with effective rejection of external perturbations, a
few control strategies have been investigated for a multi-link
lightweight manipulator in the literature. In [2,16,17], the
authors address the control of an uncertain rigid flexible
manipulator using adaptive neural tracking and motion
planning. To achieve position control, virtual damping and
online path correction are used to determine the manipulator's
motion. As demonstrated by the simulation results, the motion
planning and tracking controllers outperform other control
strategies, and the effectiveness of the recommended control
strategy is also confirmed.

In [3], a composite learning sliding mode control of a two-
link elastic manipulator is presented. The adaptive scheme is
developed using a new neural network update law and a
disturbance observer, and simulation results confirm the design
concept that compound-learning can successfully complete the
estimation task. In [4], a sliding mode controller is designed to
control a flexible joint manipulator. The proposed controller
ensures stabilization and demonstrates robust tracking
performance, as verified through simulation results.

[5] presents an adaptive passive controller for a single-link

flexible manipulator with a parametric variation. This
controller includes the passivity-based approach and an
adjustment mechanism that ensures online parameter
estimation. Simulations illustrate the theoretical results and
show that the controller implements asymptotic trajectory
tracking and suppresses tip vibrations effectively.

Reference [6] proposes using a genetic algorithm to actively
control the vibration of a flexible manipulator. A novel
intelligent optimizer known as the genetic algorithm with
parameter exchanger (GAPE) was used to adapt the PID
controller. The performance of PID and common genetic
algorithms was examined. The findings demonstrate that PID-
GAPE offers superior results in vibration attenuation.

[7] developed a Luenberger observer that can estimate the
state variables using one sensor that measures the velocity of
the motor. The simulation results demonstrated that the five
unmeasured signals (motor angle, gear angle, link angle,
angular velocity of gear, and angular velocity of link) could all
be accurately estimated by the suggested control algorithm
with minimum errors.

This work builds upon our preliminary research on
passivity-based control of flexible manipulators presented in
[1,13,15], which relied on direct feedback via physical sensors;
this dependency increases cost, complexity, and susceptibility
to sensor noise.

The main contribution of this paper is to shift from a
hardware-dependent paradigm to a software-based estimation
framework by designing a full-order sliding mode observer.
This robust observer can estimate all state variables based on
the available system inputs and outputs despite the
measurement uncertainties and the external perturbations.
These estimates are then used in the design of the passivity-
based controller, which ensures that the whole system remains
passive, which guarantees stability and robustness. The
combination of the robust state observer with the passivity-
based control law ensures cost reduction by minimizing
reliance on physical sensors and provides accurate state
estimation and robustness against measurement noise and
external disturbances. This paper's remaining sections are
assembled as follows. The mathematical model of the two-link
lightweight robotic arm based on the Euler-Lagrange
formalism is presented in Section 2, and the passivity-based
controller is presented in Section 3. Section 4 is dedicated to
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designing the sliding mode state observer. Simulation results ¢,(Q,Q)0
are presented in Section 4. The conclusion is presented in CZ(Q' Q)Q Z;Egg E
Section 3. ¢;(Q.0)0 s g@ | _| o 3
2. PROBLEM FORMULATION G(Q. Q)Q z:gg; 8
A two-link lightweight robotic arm is depicted in Fig. (1), gigg 88 96(Q) 0

the inertial coordinate frame is denoted X, Y, , the i*" link rigid
body coordinate frame is denoted X;Y;, and the motion
coordinate frame isX,X,. The i*" link length is L; with
uniform mass density p;. The first motor clamps the first link
at the rotor, and the second motor is clamped at the first link
tip. E and [ are defined as the two links’ individual Young’s
modulus and area moment of inertia, respectively. The elastic
deflection of the i*" link is w; (x;, t), which is smaller than the
link’s length. The angular coordinates are 6,,0,. An inertial
payload mass Mp with moment of inertia J,, is connected at
the tip of the second link [9]. The two links are considered as
Euler-Bernoulli beams. We assume that the robotic arm only
moves on the horizontal plane, unaffected by shear
deformation.

£

Fig.1 — A two-link lightweight robotic arm.

A finite-dimensional expression of each link deflection is
formulated as
w;(x;, t) = Z;-n:il b (x)q;;(t), (1
where ¢;;(x;) are the j** modal displacement and the j**
flexible mode shape function for the i*" link, which satisfy
the geometric boundary conditions given in (8). m; is the
number of the flexible modes adopted for the i" link, in
our case, two modes for each link are required m; = m,=2.
The equation of motion of a two-link lightweight robotic

arm is derived using the Euler-Lagrange formalism as
follows [10]:

M(@)Q +¢(Q,Q)Q+9(Q) =T, 2
where QO (61,62, q11, 912, G21,922]" = [0 q]"is the
generalized coordinates vector; M(Q) € R™"is the inertia
matrix of the system; C (Q, Q), Q € R™ is the Coriolis and
centripetal forces vector; g is the gravity vector; T; =
[t;7,0000]T = [t 0]T refers to the actuator torques
vector; O Q, § are n—dimensional vectors representing
joint  displacements, velocities, and accelerations,
respectively.

Equation (2) can be written in the explicit compact form:

My, My, Mz My, Mg Mg 0,
0 My, My My, Mys My 0,
0 0 M3z Mz, Mzs Mz G11 |+
0 0 0 My Mys Mg || Gy,
0 0 0 0 M55 M56 qu
0 0 0 0 0 M66 qu

3. PASSIVITY BASED CONTROLLER DESIGN

Let’s define the desired trajectory vector which includes
the desired rigid and flexible coordinates: Q,; = [04,q4]7,
and its successive derivatives Q; = [04,44], 04 = [04.d4].

The control aim is to optimize the manipulator’s applied
torque (2) so that the trajectory of the system Q follows
nearly the intended trajectoryQ,. Let’s define the
displacement error vector e, by

wo-=()-(H )

where q is set to zero to suppress vibrations.
To eliminate steady-state position errors, we restrict them
to lie on the following sliding surface
s=¢ég+ Aeg =0, )
with an adjustable diagonal positive gain matrix A.
The storage function in s-coordinate is [11]:

1
H= ESTM(Q)S. (6)
Differentiating it yields
) 1 ..
H=sTM(Q)s$ + ESTM(Q)S, (7)
) 1.
H=ST(Me';2+MAeQ +EMS), (8)
) 1.
H:sT(Mij—Mq"d+MAeQ +EMS). 9

Then, substituting M§ from the dynamic eq. (2)

M =1,—-CQ0—g=1,—C(s+Qy—ANey) —g, (10)
yields
) ) 1.
H=sT(‘ri—CQ—g—Mq';1+MAeQ+EMS), (11)
7, — MQy + MAey — CQy +
H=sT 1,. (12)
Cheg — g + E(MS —2C)s
Using the skew-symmetry property, we obtain
H=s"(t;— MQq+ MAey — CQq + Chey —)g. (13)
Let’s introduce a virtual “reference trajectory”
v =04 — ey, (14)
H=s"(t;— Mv—Cv—g). (15)
and choose the following control law [11]
7, =M@Qv+C(QQv+ g(@+u  (16)
Then, substituting (16) into (2) and (15) yields
M@Q)s +¢(Q.Q)s =, (17)
H=sTu, (18)

Equation (17) means the passivity of the closed-loop
manipulator dynamics (2) from the input torque
u to the output s with respect to the storage function
defined in eq. (6). We can set the new control law [11]

u = —K,s = —K,(éq + Aey), (19)
with K,, a diagonal positive gain matrix. The final control
law is given as

7, =M@Qv+C(Q,Q)v+ g(Q) —Kys. (20)
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4. SLIDING MODE OBSERVER DESIGN

The control law of eq. (20) requires the measurement of
joint angles, flexible modes, and their respective
derivatives. To reduce the number of sensors, we develop a
sliding mode observer to estimate both rigid and flexible
states. The state space representation of the nonlinear
system defined in (2) can be written as follows:

where f(x,7,) = M(Q)* (r; - €(,0)0 + 9(@)) v is
the controlled output. We assume that f, h are continuous,
bounded, and differentiable nonlinear functions. To get the
triangular form of the dynamical model, we define the state
vector x as

T
X = [xl,xz,x3,x4,x5_xﬁ,x7,x8,x9,x10,x11,x12]

{ x=f(x1), (21) = [91 101,602,062, 411,911, 912, 412, 921, 421, G220 QZz] .
y=h(x) =x, From (3), the triangular representation of the nonlinear
system defined in (2) can be written as follows:
X1 = Xy
X, = fl(xl 7,) = T1—M12é2—M13‘711—M14‘712—11‘:1/11151"?21—1"116%2—Cl(QrQ)Q—gﬂQ) +68,(x),
X3 = Xy,
Xy = f,(0,1,) = Tz—M23‘711—1"124"?12—Mzsfll';:;Mzsfizz—Cz(Q.Q)Q—QZ(Q) +8,(x),
x.s = x6,
Xg = f3(x) = —M34fi12—M35ﬁ21—M;5ﬁ22—C3(Q,Q)Q—g3(Q) +8,(%),
. (22)
X7 = Xg,
X = fu(x) = —M45‘I21—M46¢Ij;‘;c4(QVQ)Q—Q‘L(Q) +8,(x),
X9 = X1q,
. —Ms6(22—C5(Q,0)0-g5(Q)
x10 = f3(x) = —F2 ;455 =+ 85(x),
X11 = X12,
. —C6(Q.0)0-g6(Q@)
X1z = folx) = =25 Mee =+ 86(x).
Assumption 1: The observation error e, is given as
The system (22) is observable, bounded input, bounded Cops =V —V=x—2X, 25

output, and stable for a finite time ¢ € [0, 7.
Assumption 2:

61(x),8,(x) .., 84(x) present the uncertainties and
disturbances. They are bounded by: §;(x) < p;, 6,(x) <
P2,,06(X) < pg, Where pq,..pg are known positive
constants. The sliding mode observer has the following
dynamics [12]

{x = f(& 1) + Lsign(y - 9), 23)
y=h® =%
it’s a copy of the state space model plus a correction term
L sign(y — ), which establishes the convergence of the
estimated state X to its real state x in finite time.

We note that “sign” is the classical function and L is a
diagonal positive gain matrix whose diagonal elements are
L;(G=12..,12).

Equation (23) can be written in the triangular form as:

X; = X; + Lysign(x; — %)

Xy = f1(%,71) + Lpsign(x; — %3)
X3 = X + Lysign(xs — 53)
X, = f(%15) + Lysign(x, — 53)

X5 = X + Lgsign(xs — 53)

X = f3(®) + Lesign(x — %5)

X; = X3 + Lysign(x; — %7)

X3 = fa(%) + Lgsign(xg — 3)
Xo = X7p + Losign(xe — %3)
X1 = f5(&) + Lyosign(xyo — X7p)
x11 = X1z + Lygsign(xy; — Xq3)
X1z = f6(R) + Lizsign(xq, — X13)

By choosing appropriate parameters L; for any initial
conditions, the estimated state variables converge to the real
system state variables in finite time.

24

Proof: The dynamics of the observer errors are expressed as

éobs =Xx—-x > (26)
€ X, — Xz — Lysign(x, —%7)
&, f1(x, 1) = f1(& 11) — Lysign(x, — %3) + 61(x)
€3 X4 — Xy — Lasign(xs — X3)
€, f206,71) = f2(%,71) — Lasign(xs — Xg) + 62(x)
€s X — Xg — Lssign(xs — Xs)
€ |_ f3(x) — f3(X) — Lesign(xe — Xg) + 63(x) _
é7 Xg — Xg — Lysign(x; — %7)
ég fa(x) — fo(R) — Lgsign(xg — Xg) + 84(x)
?9 X10 = X10 — Losign(xy — Xg)
€10 f5(x) — fs (&) — Ligsign(x,o — X1o) + 65(x)
211 X1z — X1z — Lygsign(x — ¥17)
12 fo (%) — f6(R) — Lipsign(x;, — %73) + 86(x)
e; — Lysign(e;)
filo, 1) — f1(X,71) — Lysign(ey) + 8,(x)
es — Lysign(es)
f2(x, 1) — f2(X, 71) — Lysign(es) + 85(x)
es — Lgsign(es)
f3(x) — f3(X) — Lesign(eg) + 83(x) 27
eg — Lysign(e;)
fa(x) — fo (&) — Lgsign(eg) + 84(x)
e1o — Losign(ey)
fs(x) — fs(X) — Lygsign(e;o) + 85(x)
e, — Lyysign(e;q)
fe(x) — f6(X) — L1psign(esz) + 86(x)
We define the sliding surfaces vector as
51 e, €1 + Lysign(e;)
Sy e, €3 + Lysign(es)
| ss || e || €+ Lssign(es)
S Sa €g €; + L;sign(e;) (28)
Ss €10 €9 + Losign(eo)
S6 €12

ei1 + Lygsign(erq)
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Step 1:

While the input t; is bounded, the state x does not go to
infinity in finite time. Therefore, if £; it is bounded, all the
states of the observer are also bounded during step 1.
Consequently, the observation error state is also bounded.
Now, setting the following Lyapunov functions:

_1 2 _1 2 _1_ 2 _1 2 _1_ 2
V1—§e17V3—Ee3:V5—5353V7—§e7av9—599,

Vi = %9112- (29)
Then their time derivatives are
‘_71: e1€,= ey(e; — Lysign(e,))
I_/3: e3€3= e3(e, — Lasign(es))
I_/SZ es€s= es(eg — Lssign(es))
I_/7: e;€;= e;(eg — Lysign(e;))
‘_/9: €9€9= €q(e19 — Losign(ey))
V1= eyie11= ey1(er; — Lygsign(esr))  (30)
By choosing
L, > max|e,|,
L; > max|e,|,
Ls > max|eg|,
L, > max|eg|,
Ly > max|ey,|,
Ly; > max|ey,|, (1)

for a finite time, ¢<7, the observation errors e,
€3 €z, e7,69,e1; tend toward zero in finite time, and
consequently, €, = €; = €; = €, = €5 = e;; =0, which
implies that
e; = Lysign(ey),
e, = Lsign(es),
e = Lgsign(es),
eg = Lysign(ey),
e1o = Losign(eo),
e1z = Ly, sign(eyy). (32)
Step 2:
We have
=€, =6;=¢,=6,=¢,=0, (33)
and
€, = —Lysign(e;) + 6,(x),
€, = —Lysign(e,) + 6,(x),
€ = —Lesign(es) + 63(x),
€ = —Lgsign(eg) + 6,(x),
€10 = —Lyosign(eyo) + 65(x),
€1, = —Lypsign(e;;) + 66(x).
The new Lyapunov functions are
Vo= S(ef+ed).
V,=5(e}ted),
Ve=~(e+ed),
Vo=(e+ed),
Vio= %(eg+e120),
Vip= %(3121"‘3122)» (3%5)
Referring to eq. (30), the respective time derivatives of
the Lyapunov functions are expressed as
Vy=e, €= ez(—Lzsign(ez) + 81(x)),
1_74 = €46, = e,(—L,sign(e,) + 8,(x)),
]_/6 = eg€s = e6(—Lgsign(eg) + 85(x)),
) Vg = eg€y = eg(—Lgsign(eg) + 6,(x)),
Vip = e10é10 = 310(_L10518n(e10) + 65 (x))7
Vig = 1361, = 312(_L125ign(912) + 86(35))- (36)
To ensure the negativeness of V,,V,, V..., V;,, we must
choose L, > py, Ly > Py, Le > p3, Lg > pa, L1o > s,

(34

Ly, > pg. The overall schematics of the proposed approach
(Controller +observer) are depicted below (Fig. 2)

04,0404 - T
O Qi+ c(0.Q)v+ 5@ ~Kys | | 2dof Flexible robot S
A
Passivity based controller
Sliding mode observer
fGT)+Lsign(y-3)

=)

Fig.2 —Sliding mode observer schematics.

5. SIMULATION RESULTS

In this section, simulation results are presented using a
fourth-order Runge-Kutta method in the
MATLAB/Simulink environment to demonstrate trajectory
tracking with the suggested controller. The reference
trajectory is expressed as

0, = 2sin(0.1mt)
{92 = 2sin(0.2mt) G7)
The system’s physical parameters are listed in Table 1 [13].

Table 1

Physical parameters of the flexible arm.

Parameter | Symbol Nominal value
Hub inertia | Jhl=Jh2 1 Kgm?
Beam length | L1=L2 0.5m
Beam linear density | pl= p2 1 Kg/m
Beam rigidity | EI1=EI2 10N m’
Payload mass | Mp 0.1 Kg
Hub mass | mhl=mh2 1Kg
Payload inertia | Jp 0.0005K g.m?
Moment of inertia | JO1=J02 0.0415 Kg.m?

Figures 3 and 4 depict the PBC controller’s precise
tracking with minimal error and low overshoot despite the
inherent structural flexibility of the arm. This confirms that
while flexibility introduces visible oscillations at the tip, the
control system effectively manages their magnitude,
ensuring the endpoint accurately reaches its target position
with acceptable residual vibration.

Rotation angle (rad)

Rotation angle (rad)

% B 4 6 8 0 1 [ 1 18 il
Timels)

Fig. 3 — Trajectory tracking for the two links.
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Fig. 4 — Tips deflections.

The figures (5-6) compare the performance of the sliding
mode observer with that of the basic PBC controller
(without an observer). It compares the measured and
estimated state variables provided by the

observer [91 »02, 411, 412, Q21 ‘?22]T‘

The close alignment between the measured and estimated
trajectories across all states demonstrates the observer's
accuracy, which indicates the observer's ability to
reconstruct unmeasured or noisy states in real time.
Effective estimation of these states—especially the fast,

Y [— Measued
rrrrr Estimeted

1= Velocity (rad/s)

a
=

0 2 4 § [ [ 2 " 1 [ il
Timefs)

—— Measured
rrrrr Estimeted

velocity (rad/s)

20! [ Nestres
rrrrr Egtimeted

a,. velocity (rad/s)

0 2 4 6 8 10 12 1 1 1 2
Timefs)

Fig. 6— State observation performance: measured vs. estimated values.

Figure 7 demonstrates the accuracy of the sliding mode
observer in reconstructing the internal dynamics of the two-
link flexible manipulator. The estimation error reveals
consistently minimal deviations throughout the reference
trajectory, bounded within 0.02 rad. Flexible mode
estimation errors are also minimal, at 2x107* rad/s. All
errors converge rapidly to near-zero following any
disturbance. The design effectively rejects measurement
noise, as shown by minimal high-frequency oscillations in
the signals. This high-fidelity observation provides accurate
full-state feedback. That feedback is a fundamental
prerequisite for the passivity-based controller's success. It
enables precise trajectory tracking and active damping of
link vibrations.

lightly-damped  flexible = modes—is  crucial  for
implementing  high-performance model-based control
strategies that actively damp vibrations.
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3 |

> 2 il

g 0 ] ‘ ‘ ‘\ It m
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Fig. 5 — State observation performance: measured (without observer) vs.
estimated values (with observer).
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Fig. 7 — Estimation errors.

The phase portrait of a two-link flexible robot is depicted
in Fig. 8; it shows a stable elliptical limit cycle, bounded
within +2 rad and +1.2 rad/s. This closed orbit confirms
periodic motion from harmonic excitation.
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Fig. 8 — Phase portrait of a two-link flexible robot.

The ellipse arises from the interaction between link
flexibility and velocity-dependent damping. Distortions
along its minor axis reflect residual influences from the
bending mode. Periodicity is validated by single-point
Poincaré map intersections, proving effective vibration
suppression. This equilibrium occurs near the natural
frequency, balancing energy storage and dissipation for
precise repetition.

6. CONCLUSION

This paper successfully developed and validated a robust
control strategy for a flexible two-link robotic arm. By
integrating a full-order sliding mode state observer with a
passivity-based controller, the sliding mode observer offers
a powerful estimation strategy, owing to its defining
advantages: exceptional robustness to model uncertainties
and external disturbances, and finite-time convergence of
the estimation error. The Lyapunov-based stability analysis
formally guarantees global system stability by leveraging
the system's passivity properties. Simulation results confirm
that the controller achieves accurate trajectory tracking and
effectively suppresses elastic vibrations, demonstrating
significant robustness against both estimation uncertainties
and external perturbations
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